ABSTRACT. We consider the lattice of function semi-norms over a measure space, as well as certain distinguished subsets. We determine which subsets are sublattices and, in turn, which of these are Dedekind complete. We also investigate the extent to which the distributive and DeMorgan Laws are valid in this setting.
INTRODUCTION.
In this paper, we investigate the sublattice structure of the lattice of semi-norms on a fixed measure space. Section 2 is devoted to establishing the necessary preliminaries. In Section 3, we distinguish the semi-norms of interest, namely those having either the Riesz-Fisher, weak or strong Fatou properties, those satisfying the infinite triangle inequality and those which are of absolutely continuous norm. In determining the sublattice status of each of these collections, we are also interested in Dedekind completeness for each of these, as well as for the space of all semi-norms. In particular, when a subset is closed under arbitrary suprema or infima, we wish to know the specific description of these extrema.
The answers to these questions in the case of the supremum are essentially known.
For the sake of completeness, these are summarized in Section 4. However, the answers to these questions in the case of the infimum are hardly known at all. In fact, the notion of infimum is not unique; it depends on which sublattice is being considered. The main difficulty here involves the infimum of an arbitrary collection of function semi-norms. There are three candidates for this notion which we define and study in Section 5. Here we also determine which infimum goes with which sublattice. This is the main section of this paper. In Section 6, we are then able to determine (i) whether a given subset of semi-norms is a sublattice and (2) if it is complete.
In Section 7, we turn our attention to the DeMorgan Laws. As we shall see, the validity of these laws depends on which of the two laws is being considered--as well as its interpretation.
In concluding, Section 8 observes that the sublattices under consideration are not distributive in general and also shows that there is a connection between the lattice theory of function semi-norms and finite sums of such semi-norms.
2.
PRELIMINARIES.
Here we recall the preliminary results we will require throughout the remainder of this paper. A general reference for this section is [5] . Let 
The semi-norm 0 is a norm if o(f) 0 implies f 0 Let P denote the set of all semi-norms and P the subset of all norms (never empty 
THE SUBSETS.
In addition to the subset P of F we will be interested in studying a chain of subsets of P having certain desirable properties. In this section we recall these properties, show their relationships to each other and consider some general examples. References for this section are [4, 5] . With the exception of the subset satisfying the infinite triangle inequality, these subsets have been studied before. [4] . All that is required of the Oj for their pointwise supremum to be a norm is that they be total, i.e., pj(f) 0 all j J implies f 0. In view of the previous, it is of interest to know which of the subsets of
